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A theoretical analysis of the time course of a ternary cotransport system in membrane vesicles has been developed by
extending previous work (Weiss, S.D. et al. (1981) J. Theor. Biol. 93, 597-608; Heinz, E. and Weinstein, M. (1984)
Biochim. Biophys. Acta 776, 83-91). It has been assumed that the translocation of the carrier is the rate-limiting step of
the transport process. Our approach includes, in particular, the presence of isotope tracer fluxes and the generalization
to the case when many solutes share the same carrier. The situation when the tracer and the solute behave differently,
as in the countertransport case, is stressed. Also, the interaction of two different solutes, internal and external to
vesicles, is considered. Other points regard the analysis of the solute binding to the membrane vesicles, the influence of
water permeability and the possible asymmetry of the transport system. In the Appendix, the assumption of no net

translocation of all carrier species is discussed.

Introduction

The theory presented here regards the uptake time
course of cotransported solutes in membrane vesicles.
Previous investigations in this direction were made by
Weiss et al. [1] and Heinz and Weinstein [2]. We will
assume as in Ref. 2 that only ternary complexes are
formed and that the binding sequence of driver and
solute is random. QOur line of reasoning is close to that
followed by Heinz and Weinstein [2], but our attempt
has been extended to include the flux of isotope tracers,
the effect of water permeability and that of asymmetric
membranes. In addition, our model takes into account
more than one solute sharing the same transport system
and the presence of possible binding of the cotrans-
ported solute to the vesicular membrane.

Instead, we will not consider different cases, in which
the activator must bind before or after the solute, like
those examined by Turner [3] and Turner and Silver-
man [4] for initial solute uptakes.

Correspondence: F. Andrietti, Dipartimento di Biologia, Universita di
Milano, 1-20133 Milano, Italy.

Glossary

’ (44

a;, a;’: activity of i-th solute (mM);

b’, b”: activity of a monovalent driver cation (mM);
x’, )f": amount of unloaded carrier per g protein (pmol
8 )

Xq: total amount of carrier per g protein (pmol - g~ ');
(a,b"x)’, (a,b"x)”’: amount of i-th ternary complex
(pmol - g~1);

s’, s”: activity of impermeant solute (mM);

r,: vesicular radius (cm);

Py, permeability constant for i-th solute free diffusion
(ml-g~!-min~?);

P,: cation permeability of the driver salt (ml-g~!-
min~");

P,: permeability of the driver salt (ml-g~!- min™');
W: vesicular volume per g protein (ml- g~ 1');

P,: rate coefficient of empty carrier translocation
(min~');

P, (=a,P,): rate coefficient of translocation of i-th
ternary complex (min~');

K;: dissociation constant of i-th ternary complex
(mM?);

n;: stoichiometry coefficient;

p: electrochemical activity coefficient;

r: ratio of cation over anion permeability of the per-
meant salt;
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a;: ratio of rate coefficient of the translocation of the
i-th ternary complex over the unloaded carrier;

K’, K”: dissociation constants in asymmetric mem-
branes;

Py, Py’: rate coefficients of carrier translocation in
asymmetric membranes;

P’, P”: rate coefficients of complex translocation in

asymmetric membranes.
Formulation of the general model

The general model here considered does not make
any assumption on the mechanism by which the solutes
are transported. It consists of a system of differential
equations describing:

(1) The rate of change of solute quantity Wa,” inside
membrane vesicles given by

d/de(Wa") = (J/ = J”") + Ppi(a] — a]’) 1)

where the first component in the right hand side of Eqn.
1 is the difference of undirectional influx J and efflux
J” due to the carrier mediated transport, while the
second term is a diffusional component with a permea-
bility coefficient Pp,;; W is the vesicular volume.

(2) The rate of change of internal driver concentra-
tion b”, supposed to be controlled by a diffusional
process only, with a permeability coefficient Pg, since
the contribution cotransported with the carrier is negli-
gible. It will be expressed by

d/di(Wb") = Py(b" — b"") 2)

Py is related to the ratio r =P, /P_ of cation over the
anion permeability by Py =[2/(r + D]P, [2].

(3) The rate of change of the vesicular radius r,
(vesicles are supposed to be spherical), due to water
movement. It will be given by

dr,/dt =Py (26" + Y a] +5" -2b" =Y a] - ") (r20)/r}) (3)

where Py, is the water osmotic permeability, s’ and s”
are the external and internal concentrations of any
impermeant solute and r,(0) is the initial value of r,.
The factor 2 takes into account that the driver ion
diffuses as a binary salt. It is assumed that during water
flux the vesicles surface 47r2(0) remains unchanged.
(4) The rate of change of the quantity *Q, = W*a/,
i.e., the tracer present inside the vesicles. The unidirec-
tional isotope flux across the vesicle walls will be given
by the unidirectional fluxes of the solute times the ratio
between isotope and solute concentrations. So one finds

d*Q,/de=[(*a//a])J/ —(*a]’/a]')J" 1+ Pp,(*a] —a]’) 4
where *a; and *a;’
concentrations.

are the external and internal isotope

To determine the total radioactivity *R, present in
vesicles, a possible contribution of isotope *B; bound to
the membrane has to be added to that inside the vesicles

*Ri = *Qi + *Bi (5)

In order to proceed to the integration of Eqns. 1-4,
with the possible contribution of Eqn. 5, an evaluation
of J; has to be found, according to the different models
of transport that may be considered.

Ternary complex model: theory and simulation

The ternary complex model that we consider here is a
generalization of that reported by Heinz and Weinstein
[2), under the assumption that the carrier translocation
is rate limiting. This choice corresponds to that of most
authors even if an alternative approach in which associ-
ation and dissociation constants are rate limiting may
not be ruled out (see, for example, Refs. 2 and 5).
Besides, this is the situation found for valinomycin, that
may be considered as a typical mobile carrier system [6].
However, the analysis presented here could be easily
extended to the case when binding of the solutes to the
carrier is the rate-limiting step.

When the two sides of the membrane are symmetric
and the association and dissociation reactions between
empty carrier (x), ligand solutes (a,) and driver ion (b)
are very fast, as compared with translocation of the
carrier species, we may write the (quasi) equilibrium
conditions

al(b")"x/(ab"x) = K, = a/"(b")"x"/(ab"x)” )

where n; is the stoichiometry ratio of the driver ion/so-
lute and K, is the dissociation constant of the ternary
complex (a;b"x).

If, moreover, the sum Xy of all carrier species re-
mains the same, one has

X'+ x"Y (abrx) +Y (ab"x)” = Xy 10
i i

where the tracers are not taken into account since their
contribution is negligible.

The flux of all carrier species in opposite directions is
approximately the same if changes in carrier species
distribution may be neglected. In the Appendix it is
shown that this assumption holds when the total amount
of carrier is less than 1 pmol per gram of vesicular
protein.

Taking into account the possible influence of a trans-
membrane electrical potential difference, the last as-
sumption yields

LP (ab"x) w72+ Pox’ =Y Py(ab™x) g "% + Pox” (8a)

i 1



when the empty carrier bears no charge, and

Y P (ab"x) + Pox'n ™"/ =Y P,(abx)” + Pox” "/ (8b)
when the empty carrier bears a charge opposite to that
of the driver ion times its stoichiometry ratio. The value
of u (electrochemical activity coefficient) may be calcu-
lated according to Henderson or Goldman and Hodg-
kin equations (see Ref. 2).

The value of J; fluxes may be found according to the
previous equations. Since calculations become cumber-
some with increasing numbers of solutes, we give the
results only for i =1, 2. In this case from Eqns. 6-8a
one has
x" = K, K Xo[ K1 Ky + Kpa{ (87) M aqgp™ /2

+ Kyaj (b’ ) "2a,u"7?) /{} ®
x' = KiKy Xo[ KoKy + Kaa (b)) g™

+ Kyaf (b”)au™" 2]/ () (10)
where
() =2(K)*(Ky)*+ a ()" (1+ ap™?) Ky (Kp)

+ay’ (") (K[ (1+ ™) K,

+ (W2 + " ) aaf (b))

+a3(6") " (1+ ;g2 ) (K ) K +a5 (b7) 2 (Ky)?

X[(1+ app™ ") Ky + (p? + ™" ) aya5(b") "]

+ K1 Ka'(b”)" /a3(b")™

X (011#_"'/2 + azuﬂz/z)

+ KyKaa{(b') a3 (b") " (aw™? + oqu™"2/%) an
and a,= P,/F,.

For the sake of brevity, we omit here the analogous
relations obtained from Eqns. 6-8b and we limit our
study to the situation when the empty carriers bears no
charge.

The value of J;' is
J/ = P(ax) g/ (12a)

Analogously one obtains the values of J”

J7 = P(abrx) pms? (12b)

Substituting Eqn. 10 in the expression of J; given by
Eqns. 12a and 9 in Eqn. 12b and taking into account
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Eqn. 6 one finds
h=J -5
= a Py Xp Ky Ky { @] (B') 1 [M/2Ky + a3 (b7 ) Pagum /2]
—af (6") " [0 K, + aj(b') Papu" 2]} /() a3

while J, may be found by interchanging the index 1
with 2 in Eqn. 13.

The tracer flux will be found according to Eqn. 4.
One obtains

Y= e Py Xr Ky Ko { *a{ (b)) [6/2K, + a5 (b)) apptm~ /2]
=*ay’ (b")"[W 2Ky + () Pag T2
+[*a' (b)) ] (b7)™ = *ay' (b”) " a; (b') " ey (K, /KD } /()

14)

while *J, will be found by interchanging the index 1
with 2 in Eqn. 14.

Letting a; = a5’ = 0, Eqn. 13 reduces to Eqn. A-6a of
Ref. 2 and, after division by (K,)? the tracer flux
becomes by Eqn. 14

*Jl = 111P0XT {[*a{(bl)"l"nl/z _ *al”(b”)"ll‘_”l/lel
+[*ai (b)) al' (") ey’ (6")a{ (BN " ]en]}/{}* (15)

where {}° is the same expression that we find in the
denominator of Eqn. A-6a of Ref. 2.

Observe that Eqn. 14 may not be obtained simply by
substituting *a, to a, in Eqn. 13, since the last term in
square brakets in the numerator of Eqn. 14 is not
present in Eqn. 13. This means that in certain situations

10
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Fig. 1. Uptake curves of a solute (S) and its tracer (T) in a counter-

transport simulation; the distribution ratios inside /outside the vesicles

of both species (a;’/a; or *ai’/*a;) are plotted vs. time. Initial

internal values: a;’(0) =1 mM, b”(0) =100 mM. The other parame-

ter values are given in Table L.
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TABLE 1

Standard values

P, 2ml-g” ' min~? b’ 100 mM
PyXp 10 pmol-g~!-min~? 5’0 O0mM
K, 20 mM? s's”  0mM
w 3ml-g~! Py 0 cm-min~ ! mosM !
ay 0.1 mM Py, Oml-g~"min~!
a{’'(0) 0mM r 1

a 1

the tracer and the solute may behave differently. This
fact may be appreciated by looking at Fig. 1, reporting
the simulation of a countertransport experiment, where
the inside initial concentration of the solute is 10-fold
higher than the external one. In this case an ‘overshoot’
of the tracer (curve T) is seen in the absence of any
gradient of the driver ion and is due to the inhibition,
exerted by the solute present inside the vesicle, on the
tracer efflux. A gradient of the driver ion is instead
necessary to obtain an accumulation of the cold solute
inside the vesicle (Ref. 2, Fig. 1). In fact in the experi-
mental condition of Fig. 1 we observe only a monotonic
decrease of a;” (curve S). Remark that, by Eqn. 14, the
ratio between unidirectional tracer fluxes gives

({*a1(6"Y " [/ 2Ky + a5 (b”) Payu(™ ="/
+[*a{(6) a7 (5")"]})
({*ai"(6")"[6™™2K, + a5 (b') apn2=m/2)
+[*a (") e’ (6))"]})

When only one solute is present and b’ =5b"" =1, so
that p =1, the ratio becomes, by Eqn. 15, that given by
Heinz for the tracer coupling in facilitated diffusion for
a binary complex (Ref. 7, p. 50).

Conversely, if initially there is not solute inside the
vesicles, the third term in square brackets in the numer-
ator of Eqn. 14 vanishes since the specific activities of
the tracer in " and ” are equal, so that a,’/a; =*a;’/ *a;
during the time course. For this reason the ordinates of
Figs. 2a, 3, 4, 5 and 8 represent both the distribution
ratios of tracers and solutes.

By taking the parameter values concerning both so-
lutes 1 and 2 equal, and substituting in Eqn. 13, one
finds

I = alP(,XT{ a;(b,)m[ﬁ‘n‘/sz + aé'(b")"az]
—al (") [#TM Ky + aj (b)) R an] } /(3%
where the numerator is the same as in Eqn. 15, when

allowance is made that K, =K,, *a,=a,, a,=a,, o,
=a, and n, =n,, and {}% - {}° for vanishing values

of the tracer concentrations. In other words, one sees
that the tracer flux appears to be that of a second solute
with the same characteristics as the first one and vanish-
ing concentrations.

The effect of water flux is shown in Fig. 2. In Fig. 2a
one sees different uptake curves plotted for two differ-
ent membrane water permeabilities: Py, =107 cm-
min~! - mosM™!, Py =10"% cm-min~!- mosM~1
These values are of the same order of magnitude as
those measured by Van Heeswijk and Van Os [8] in the
brush-border membrane vesicles of the rat. We take an
initial vesicular radius r,(0) = 0.25 pm. The computer
simulation shows that the occurrence of the peak time is
anticipated with respect to Py, =0 cm-min™'.
mosM . In Fig. 2b the corresponding per cent changes
of vesicular radius are plotted. Osmotic flux changes the
vesicular volume, which decreases as water permeability
increases. Compare our figure with Fig. 3 of [2] to see
how peak occurrence is delayed by increasing W.

The presence of a second external solute sharing the
same transport system of the first one induces a certain
inhibition, due to an increased competition between
isotope and solutes for the same carrier. The uptake
inhibition increases with the second solute affinity for
the carrier. Fig. 3 shows the interactions of two external
solutes sharing the same carrier. The curve marked by
(1) in which only one solute is present is shown for
comparison and is the same given by Heinz and Wein-
stein [2] in their Fig. 1. In curve (2) the two external
solutes have equal transport parameters; in this case the
inhibition is simply due to an increasing concentration
of the external solute. In curve (3) the second external
solute has an increased affinity for the carrier.

The upper curve (4) of Fig. 3 shows the effect of an
electrical potential generated by the diffusion of a bi-
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Fig. 2. (a) Uptake curves for different osmotic water permeabilities:

P,=0,10"7, 107° cm-min~!-mosM " !; (b) relative change in the

vesicular radius size for the corresponding values of osmotic water

permeability when r,(0) = 0.25 pm. The other parameter values are
given in Table I, except for s” = s” =100 mM.
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Fig. 3. Effect of electrical potential difference and interaction of a
second external solute on the uptake curves: (1) a;=a3 (0)=0; (2)
effect of the second solute a3 =0.1 mM, a3 (0) =0, with the same
parameter values as the first one (Table I); (3) effect of a second
solute a}=0.1 mM, a3’(0)=0, with K,=5 mM?2; (4) effect of
electrical potential difference (r = 0.2, uncharged carrier, a; = a;'(0)
=0). The parameter values not explicitly indicated are given in
Table 1.

nary salt with r = 0.2, calculated according to Goldman
and Hodgkin equation.

In Fig. 4 a countertransport simulation is shown,
when the vesicles are preloaded with a second solute a5’
with the same (K, =20 mM?) or different affinities
(K, =15 and 40 mM?, respectively) for the carrier. Ob-
serve that now the rate of uptake and the overshoot
increase with the second solute affinity for the carrier,
due to a greater inhibition exerted on the tracer efflux.
The curve K, = 20 mM? is the same one (on a different
ordinate axis) marked by (T) in Fig. 1.

25
20

Tt T T T T 7 T T T

Fig. 4. Interaction of different internal solutes on countertransport

uptake curves when the internal (second) solute has the same affinity

for the carrier as the external (first) solute (K,=20 mM?), an

increased affinity (K, =5 mM?) or a decreased one (K, = 40 mM?);

in all cases a3(0) =0 mM, ay =1 mM, b”(0) =100 mM, a; = a; =1,
n, = n, =1, the other parameter values as in Table 1.
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A further extension of the model to the case of a non
symmetric membrane may be considered. The results
restricted to the case of one solute and its tracer are
given below. By taking into account the detailed bal-
ance relation (see, for example, Ref. 7, p. 38) P'Py’K”
=P”P;K’, and following a procedure similar to that
outlined above, one obtains

J= P B{R Xo {[a’(6)"W2 = a" (b") " JK'K " } /() (16)
and
= PURR Xp KK {[*a' (b)) W2 = e (57) k)
+(P7/(PSK”)[*a’ (b)"a” (b")" ="a"(b")"a’ (b)"]}
/{} an
where
O = BK'(K"Y(P] + B')
+a’(b)'K"(K"(Py)*+ P "PK p"/?)
+a”(b")Y'[PK'K"(Pg + P"p™""?)
+ P (BK w2 + BK"w™")a’ (5)"]

Indexes 1 and 2 have been suppressed according to
the fact that only one solute is present.

When Py =P,’=P, P”"=pP,, Eqns. 16 and 17
yield, respectively,

J=K'K"BPyXr[a’(b) W% —a" (b") ™" 2} /1*] (18)
*J = K'BRoXr ([*a' (') w2 = *a” (b")"w "2 )K"
+[*a'(b))"a" (b")" = *a"(b")"a’ (b")"1B} /1*] 19)
where
[*]1=2K"(K"Y*+a’ (b')'K” (K" +BK'u"'?)
+a”(b")'[K'K”(1+p7"8)
+Ba’ ()" (K'w* + K"p™"/%)]

Fig. 5 shows the effect of some asymmetries in the
dissociation constants of the ternary complex, by mak-
ing use of the preceding calculations. Observe that,
increasing the solute affinity for the carrier on the
internal side of the membrane (K” =10 mM?), the
peak height increases and anticipates, while it decreases
and is delayed when the affinity is reduced (K" = 40
mM?),

When K'=K" =K, P, =P, = P,, Eqns. 16 and 17
reduce to Eqn. A6-a of Ref. 2 and to Eqn. 15 in this
paper.
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Fig. 5. Effect of an asymmetric membrane on the uptake curves:

(K’ =20, K" =20) equal affinity on both side of the membrane;

(K’ =20, K" =10) increased affinity on the internal side of the

membrane vesicles; (K’ =20, K" =40) decreased affinity on the

internal side of the membrane vesicles. The other parameters are given
in Table L.

To take into account the presence of the tracer
specifically bound to the membrane, one should also
consider the terms giving the quantity of tracer making
ternary complexes at the two sides of the vesicular
membrane, since *B; = (a,b"x)" + (a,b"x)”.

For non symmetric membranes and P, = P;’ = P,,
taking into account that
*(ab"x)’ = (ab"x) (*a’/a’) =*a’(b')"x'/K’
one finds
*(ab'x) = Xo[(K"Ba” (b")"w™"/2+(K")*)*a’ ()"]/1*] (20)

In a similar way one obtains

*(ab')” = Xz [(K'Ba’(6))"W* + K'K")*a"(6")")/1*] (D)

N

T T T T T T T T

umol - g

Fig. 6. Effect of the solute binding to the membrane on its initial
uptake values. On the ordinate is the internal solute quantity per gram
of membrane protein. If no binding is considered, the initial uptake
value is null, while in its presence it increases with Xy (2.5 or §
pmol-g~1). The other parameters are given in Table I.

Min
Fig. 7. Different contributions of internal (B’’) and external (B’)
components of the binding to the total binding (B) for Xy =2.5
pmol-g~ 1. The other parameters are given in Table I.

Observe that what is important for binding is the
parameter X, instead of the block P, X, appearing in
the preceding equations regarding fluxes.

Fig. 6 shows, on an enlarged time scale, the effect of
solute binding on uptake values, for two different values
of X, compared with the case when no binding is
considered. The initial value of the binding is given by
the zero time intercept on the ordinate axis. Observe
how the effect increases with the total amount of carrier
species present in the membrane. In this figure and in
the following one the values of the ordinate axis have
been multiplied by a’/*a’, as it is customary in the
experimental measure of fluxes by means of tracers.

In Fig. 7 the binding time course (X1 = 2.5 pmol -
g~ ") has been split in its internal (B”’) and external (B)
components and plotted on a different time scale. Ob-
serve that in this case (8 = 1) only the internal binding
changes during the time course, while the external bind-
ing remains constant. For other values of 8 or when
electrical potential effects are considered, also the exter-
nal binding may vary during the time course.

Appendix

Here we want to check to what extent the assump-
tion regarding the speed of carrier distribution holds.
We consider for the sake of brevity, only the case of one
solute and a symmetric membrane, so that index i may
be suppressed. In this case instead of Eqn. 8a one has

dx’/dt = P(ab"x) u"/2 + Pyx’ — P(ab"x) p~"/% = Pyx” (A-1)

By taking into accounts Eqns. 6 and 7, Eqn. A-1
becomes

"dx’/df= [Pa'(b’)”y,"/zx’/K+ Pox, _ Pa”(b”)"p._"/zx"

/K= Fx"]/{) (A-2)
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Fig. 8. Effect of the carrier species net flux on solute uptake for
increasing values of Xr: 1 umol-g~?, 10 umol-g~?, 20 umol-g~?; the
lower curve is calculated assuming null net translocation of the carrier
species. The values of the other parameters are given in Table 1.

where
x”=[Xr—x'[1+a’(b")" /K)/[1+a” (b")" /K]
() =[1+a"(")"/K]/[1+a"(b")" /K]
The differential Eqn. A-2 has to be integrated with
d/dt(Wa")y=P[a’(b")"u"*x /K —a” (b")"u™"*x"/K] (A-3)
The initial condition x’(0) may be found taking into
account that internal and external solutes and carrier

species are equilibrated before the beginning of a trans-
port experiment, so that

2x'(0) +2a” (0)b” (0)x’ (0) /K = Xy (A-4)
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Fig. 8 presents the results of the numerical integra-
tion of system A-2 and A-3, subject to initial conditions
a”(0)=0 and Eqn. A-4. For low values of Xp, no
difference appears between the present integration and
that presented above. Conversely, for values of Xy
higher than 1 pmol - g7, an increasing effect due to the
net flux of carrier species across the membrane has to
be taken into account. In this case the assumption
expressed by Eqn. 8a is no longer acceptable.
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